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Approach to Induced Drag Reduction
with Experimental Evaluation
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An approach to minimize the induced drag of an aeroelastic configuration by means of multiple leading- and
trailing-edge control surfaces is investigated. A computational model based on a boundary-element method is
constructed and drag-reducing flap settings are found by means of numerical optimization. Further, experiments
with an elastic wind-tunnel model are performed in order to evaluate the numerically obtained results. Induced-
drag results are obtained by analyzing lift distributions computed from optically measured local angles of attack
because standard techniques proved insufficient. Results show that significant reductions of induced drag of flexible
wings can be achieved by using optimal control surface settings.

Introduction

O PTIMIZATION of aerodynamic drag is commonly concerned
with finding the optimal shape of a body with minimal drag

for a specified, fixed flight condition. Because the aircraft shape is
not usually assumed to be variable in operation, some sort of com-
promise has to be found for vehicles that need to operate efficiently
within a wide range of lift coefficients, Mach numbers, or altitudes.
Examples of such aircraft can be 1) commercial transports with ex-
tremely long range, where the aircraft weight changes considerably
during cruise caused by fuel consumption; 2) long-range unmanned
aerial vehicels with a possibly even higher fuel weight fraction; or 3)
vehicles with wide operating envelopes that might need to operate
and maneuver at widely varying speeds and altitudes. In such cases,
a system that could minimize induced drag within most or all of the
operational envelope would be beneficial. Clearly, optimization of
the external shape alone cannot provide optimal performance for a
wide range of operational parameters, especially when considering
aeroelastic deformations.1

Another aspect of induced drag minimization is that maneu-
ver performance can be considerably improved for some vehicles.
Lightweight long-range aircraft tend to have rather limited excess
power to overcome the additional induced drag incurred by the in-
creased lift necessary for maneuvering.2 Means to adaptively pro-
vide a wing configuration with minimum induced drag for maneu-
vering conditions could therefore improve operational flexibility.

To obtain efficient baseline performance, vehicles of the type just
mentioned will likely feature lightweight high-aspect-ratio wings
leading to considerable flexibility and corresponding aeroelastic
deformations even in cruise flight. Because the influence of this
deformation on the spanwise lift distribution can be very consider-
able, it needs to be included in an analysis of induced drag. In this
context, “induced drag” refers to the drag caused by the spanwise
distribution of lift and does not include other drag components that
might also depend on lift to some degree.

The most straightforward method to enable drag optimization un-
der different flight conditions is the provision of a certain number of
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conventional control surfaces at the leading and trailing edges of the
lifting surfaces.1 Variable camber wings or controllable wing-tip ex-
tensions are interesting alternative concepts that might require more
system integration efforts.3,4 Flap-based active aeroelastic control
has been investigated5,6 and successfully evaluated experimentally
for maneuverability improvements and load alleviation, although
usually with a fixed set of control surfaces.3,7 Kuzmina et al.8 pre-
sented a numerical study showing the possibility of reducing in-
duced drag of elastic aircraft using control surfaces.

The aim of this study is to investigate which and how many control
surfaces are required to achieve a worthwhile reduction in induced
drag for a highly flexible lifting surface. In particular, the optimal
configurations determined numerically are to be tested in the wind
tunnel in order to evaluate if the computed drag reductions can be
obtained. Experimental determination of induced drag requires a
method to separate the induced-drag component from the measured
total drag.

Because induced drag constitutes only a certain fraction of the
overall aircraft drag, employing an optimal setup of deflected con-
trol surfaces might or might not reduce total drag. Possible sources
of additional viscous drag could be premature transition triggered
by upstream control surfaces or flow separation caused by the distur-
bance of the chordwise pressure distribution. However, even airfoils
for low-Reynolds-number flow can be designed for extremely low
profile drag at trailing-edge flap deflections of up to 15 deg (e.g.,
see Althaus9). It should hence be possible to achieve reasonable val-
ues of viscous drag coefficients at least within a range of moderate
control surface deflections.

Test Case
Within the framework of the European Union project Active

Aeroelastic Aircraft Structures (3AS, Schweiger and Suleman10),
a wind-tunnel model has been designed and built for aeroservoe-
lastic investigations. The 1.6-m semispan model consists of a load-
carrying beam of carbon-fiber composite and 10 aerodynamic sec-
tions rigidly clamped to the beam in a manner that prevents them
from contributing stiffness to the beam structure. The beam can
easily be replaced to allow for modification of the stiffness prop-
erties. Each segment is fitted with leading- and trailing-edge flaps,
controlled by two miniature electric actuation devices driving an
internal geared transmission for high deflection angle accuracy.

The airfoil used in a related full-scale design study, with 16%
thickness and 3.6% camber, is also used for the model sections.
Designed for velocities above Mach 0.5 and Reynolds numbers in
the range of 107, this wing is not expected to perform optimally in
terms of profile drag under low-speed wind-tunnel testing condi-
tions with Reynolds numbers of about 3 × 105. To avoid excessive
profile drag, flap deflections are therefore limited to moderate angles
of ±10 deg. With a corresponding full-span aspect ratio � of 20 and
10 deg wing sweep, the wing model is considered to be a reasonable
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Table 1 Stiffness distribution along the span

Section 1–4 5–6 7–8 9–10

E I , Nm2 437.8 299.6 156.7 31.1
G J , Nm2 35.7 23.5 11.7 5.7

Table 2 Vibration testing results

Mode fexp, Hz fpred, Hz Error, %

First bend 3.2 3.14 −1.9
First in-plane 6.0 6.06 1.0
Second bend 14.8 14.5 −2.0
First tor 17.4 17.0 −2.3
Second in-plane 32.9 32.3 −1.8
Third bend 33.6 32.8 −2.4
Second tor 39.0 39.8 2.0
Fourth bend 54.1 56.8 4.9
Third in-plane 82.6 78.3 −5.3

Fig. 1 Sectional view of the wind-tunnel model sections.

approximation of the generic high-altitude long-endurance un-
manned aerial vehicle under investigation by 3AS project partners.

A section of the wind-tunnel model showing the arrangement
of the structural beam and the control surfaces is shown in Fig. 1.
Leading-edge flaps have a depth of 20% chord, those at the trailing
edge 25%. The spanwise slots between the rigid shell and the control
surfaces are sealed using elastic polymer strips, which are used for
the same purpose on high-performance gliders.

The elastic axis is located at 36% chord, in the center of the load-
carrying beam. The structural properties of the beam vary along the
span of the wing. There are four regions where the beam thickness
and thus stiffness is kept constant. The first region with the high-
est stiffness covers four inboard sections. The remaining regions
are covering two sections each, with decreasing beam thickness as
the span coordinate increases. The laminate is free of membrane-
bending coupling. Stiffness values are shown in Table 1.

Numerical Modeling
Instead of a full-scale wing, the wind-tunnel model itself was

modeled for the numerical optimization process in order to simplify
comparison with experimental data. In the following, the modeling
approach used to obtain the objective function and constraints for
the optimization problem is described.

Structure
The structural model used for numerical simulations was val-

idated experimentally. The preliminary stiffness distribution that
was derived from composite material properties and static experi-
ments was updated by matching experiments with static loading and
measured eigenfrequencies. A comparison of predicted and mea-
sured eigenfrequencies is shown in Table 2. Especially in the lower-
frequency range, the measured data fits very well with the predic-
tions. Mass properties were not updated when matching the model
to the vibration testing data because the mass distribution could be
determined analytically with high accuracy.

Experiments showed furthermore that the flexibility of the wind-
tunnel mounting about the x axis had to be included in order to

correctly model the structural behavior. From experimental mea-
surements, the relevant rotational stiffness around the x axis was
found as 1950 Nm/rad. In the finite element model, the mounting
was included as a torsional spring between wing root and wind-
tunnel wall.

Aerodynamics
An unstructured boundary-element method is used to compute

the aerodynamic loads for the elastic wind-tunnel model. Whereas
the method employs an approach generally similar to conven-
tional three-dimensional panel methods, it allows for simulations
with moving and deforming meshes and features a variant of the
Kutta condition suitable for configurations with rotating control
surfaces. Aerodynamic forces and moments are obtained from
surface-pressure integration. Some details on the boundary-element
method are given next; more information can be found in Eller and
Carlsson.11

Flow Model
The method solves the linearized equations of potential flow. The

wetted surface of the body is discretized, and a piecewise linear
distribution of source and doublet potentials is assumed on the sur-
face. The boundary condition of flow parallel to the surface can be
written as a Dirichlet condition for the potential at each collocation
point, which leads to a system of linear equations. Although the
general approach differs little from the conventional panel methods
described in Katz and Plotkin,12 the numerical solution makes use
of panel clustering13 in order to improve the algorithmic scaling
properties. By employing a preconditioned iterative linear solver,
very large problems can be solved with moderate computational
cost. The method differs from the doublet lattice method14 often
used in aeroelasticity in that the true surface shape including wing
thickness is geometrically modelled. It is hoped that the higher ge-
ometric fidelity improves the prediction of control surface effects.
Boundary-layer displacement, however, is not accounted for yet.

Discretization
Unstructured triangular surface meshes are used in order to allow

the treatment of complex geometries. Because the geometry of the
wind-tunnel model considered here is rather simple, triangulated
structured meshes are used to reduce the number of surface ele-
ments. Control surface motion is modeled by rotating appropriate
subsets of the surface mesh around the corresponding hinge axis.
The gaps that would normally open to the left and right of the moving
surface elements are not modeled; instead, some surface elements
are stretched to cover the gaps. This approach yields satisfactory
meshes for flap deflection up to at least 15 deg without special mesh
refinement, which is more than sufficient for the current study. In
Fig. 2, the overall geometry of the surface used in the simulation is
shown, together with a detailed view of the mesh in the vicinity of a
deflected control surface. Symmetric flow is enforced by modeling
the half-wings on both sides of the symmetry plane.

Fig. 2 Shape of the complete deformed wing. Insert shows coarse mesh
of the wing-tip region with the ninth trailing-edge flap deflected 10 deg
down.
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Kutta Condition
As the solution of the governing equation of steady potential

flow alone cannot yield a resulting force on a closed body, a wake
surface carrying doublet singularities must be modeled. The strength
of these doublets is determined by introducing additional equations
that enforce the Kutta condition for the resulting flowfield. However,
because the Kutta condition is empirical, different mathematical
formulations exist. When the condition is enforced in terms of a
vanishing vortex strength along the trailing edge,12 or as a function
of flow velocity components normal to the surface, large velocity
gradients can result when the trailing edge is not smooth along
the span. Alternatively, the Kutta condition can be expressed in
terms of tangential velocity components. As the surface tangent
vectors in the downstream direction do not change as radically as
the surface normals in the flap region, smooth pressure distributions
are obtained.

Force Integration
Some difficulty is introduced by the relatively poor “condition-

ing” of the drag computation by pressure integration. Because the
drag force is a fairly small component of the resulting aerodynamic
forces acting on the wing, and thus a small difference of fairly large
pressure forces acting in different directions, small relative errors
in surface pressures can lead to significantly larger relative drag
errors. For the coarsest mesh used in this study, with about 4000
surface elements, the absolute error in induced drag coefficient was
found to be approximately 0.003 when compared with measure-
ments. In general, this is a fairly good accuracy when compared to
drag coefficients for complete configurations. Unfortunately, for a
very high-aspect-ratio wing, this error constitutes a sizeable fraction
of the induced drag at low lift coefficients.

Boundary-Layer Effects
As mentioned before, wind-tunnel testing was restricted to rather

low Reynolds numbers in the order of 3 × 105. For such conditions,
viscous effects play an important role. For example, laminar sepa-
ration bubbles are relatively likely to occur.15 Although this study is
not concerned with the associated increase in profile drag, even small
separations can lead to a pressure distribution that differs somewhat
from the inviscid one computed by the numerical method. Further-
more, turbulent boundary layers grow rather quickly at low Reynolds
numbers and can reach a thickness of several percent chord at the
trailing edge. Lacking symmetry between upper and lower airfoil
side, such thick boundary layers usually reduce the effective camber
of the wing, changing both lift and section pitch moment.

Naturally, these issues affect the comparison of experimental and
computed results negatively. In earlier work,11 with Reynolds num-
bers exceeding 106, considerably better agreement could be ob-
tained. Nevertheless, the current method achieves sufficient accu-
racy in predicting the spanwise distribution of loads and deforma-
tions for a given total lift, so that the induced drag optimization
can be performed. At Reynolds numbers more typical for full-scale
applications, boundary-layer thicknesses tend to grow more slowly,
and separation bubbles are less likely, so that better agreement would
be expected.

Aeroelastic Coupling
For the structural model, a simple beam approximation was cho-

sen because the actual load carrying structure is long and slender. A
Nastran16 finite element model was constructed for the internal wing
beam. From this, a reduced stiffness matrix K could be obtained for
the set of 10 locations where the rigid aerodynamic sections are
attached. Pressure values from the aerodynamic analysis are inte-
grated to obtain forces and moments for each of the wind tunnel
model sections. These loads are applied as point loads acting on
the section attachments, from which beam deformations are com-
puted. Beam deformations u can then be mapped to surface vertex
displacements using an interpolation procedure.

To solve the static aeroelastic problem

K u = Fa(u, δ) (1)

where Fa contains the aerodynamic loads on the model segments,
depending on the beam displacements u and the vector of control
surface deflections δ, a damped fixed-point iteration is employed:

uk + 1 = (1 − ω)uk + ωK −1 Fa(u
k, δ) (2)

With a damping factor ω = 0.7, the simple iteration method con-
verges within four to six steps, which makes it computationally
efficient. As the condition for convergence, the relative change of
the surface doublet strengths between consecutive iterations was
required to fall below 1%,

|µk − µk − 1| < 0.01|µk | (3)

where µk is the vector of doublet strengths at step k. A similar
criterion can be defined for the deformations u, but Eq. (3) was found
to be somewhat more strict because doublet strengths converged at
a slower rate than deformations.

Problem (1) can also be treated by computing the Jacobian

J = K − ∂ Fa

∂u
(4)

and applying Newton’s method. Because, for small deformations u,
aerodynamic loads are almost linearly dependent on u, a single step
is often sufficient. For linear aeroelastic stability problems, where
infinitesimally small deformations are considered, this approach is
accurate and efficient. With the current boundary-element method
however, the computation of J is much more costly than a few
iterations of Eq. (2), which only take a few seconds each. For high
airspeeds close to static aeroelastic divergence, J becomes nearly
singular, and the rate of convergence for a simple method as Eq. (2)
would degrade rapidly. In that case, a direct solution (or Newton’s
method for large deformations) is usually more efficient.

To evaluate if the simplified aerodynamic model is sufficiently
accurate, numerical results for static equilibrium deformations are
compared with measured data in Fig. 3. The optical measurement
system tracks marker positions only, so that twist values given in
Fig. 3 are computed from differences of marker displacements and
hence are less accurate than translational deflections. Tip deflections
are relatively large, reaching 7.5% of the semispan and about 4 deg
at the wing tip for CL = 0.5 at 30 m/s.

The coarse mesh with 4020 surface elements matches the mea-
sured twist deformation well and overpredicts bending deflections
only marginally. The finer meshes with 7060 and 11,220 elements,
respectively, are slightly closer to the measured bending deflections,
but overpredict twist instead. From earlier studies, it is known that
normal forces converge rather quickly with mesh refinement, while

Fig. 3 Comparison of static aeroelastic deformation.
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section pitch moments require slightly higher mesh resolution for
good accuracy. Therefore, it must be concluded that the finer meshes
represent more accurate solutions of the linear potential flow model,
but that the actual twist moments encountered in the wind tunnel
are smaller than the flow model predicts.

The optimization described later is performed with the coarse
mesh because, in this particular case, it actually predicts twist de-
formations better than a numerically more accurate solution of the
potential flow equations.

Optimization
Two different formulations of the drag-minimization problem

were tested in this study. Although both approaches were tested,
results are presented only for the second alternative, which proved
superior for the problem considered. In the first approach, the drag
minimization was formulated as a straightforward nonlinear pro-
gramming problem of the form

Minimize:

CDi(δ) (5)

Subject to:

CL ≥ CL,ref (6)

and

δl ≤ δ ≤ δu (7)

where CDi is the coefficient of induced drag, CL the lift coefficient
constrained to be larger than some reference value CL,ref, and δ
the vector of nd design variables holding the deflection angles of
the control surfaces, bounded by the lower and upper limit angles δl

and δu . The drag coefficient CDi is in this case computed by pressure
integration.

Because the lift coefficient depends approximately linearly on
flap deflections for the range of deflection angles considered, the
lift constraint (6) can be expressed as a linear inequality

∇δCL · δ ≥ CL,ref − CL |δ = 0 (8)

with the vector of control surface derivatives ∇δCL . Formulating
the lift constraint in a linear manner leads to reduced computational
cost in the optimization process.

The nonlinear programming problem (5–7) was solved approx-
imately using the quasi-Newton method built into MATLAB,17

which evaluated the objective function between 40 and 500 times,
depending on the number of design variables. Solutions obtained in
this way yield flap settings that reduced the computed induced drag.
The weak point of this approach was found to be the drag compu-
tation by pressure integration, which required a very fine mesh for
accurate results. With moderate resolution like that used to test this
optimization approach, the gradients ∇δCDi computed by the opti-
mization software in each iteration were not sufficiently accurate,
so that the quasi-Newton iteration converged toward points which
were not really optimal. With better mesh resolution, computational
costs became unacceptable because of the large number of function
evaluations.

In contrast to induced drag, normal forces can be computed with
reasonable accuracy even with rather coarse meshes. To allow for
a more efficient formulation of the optimization problem, the com-
puted spanwise distribution of circulation � is compared with an
elliptic distribution �e, which is known to be optimal for a sub-
sonic wing-only configuration. Instead of a nonlinear programming
problem, a least-squares problem of the form

Minimize:

|�(δ, yi ) − �e(yi )|2 (9)

Subject to:

δl ≤ δ ≤ δu (10)

is obtained. Here, the lift distribution is expressed in terms of the
distribution of circulation strengths �(δ, yi ) at a number of span
coordinates yi . Because of the approximate linearity of the lift dis-
tribution with respect to flap deflections, the least-squares problem
can efficiently be solved in its linear form, where

�(δ, y) ≈ �0(y) + ∇δ�δ (11)

In this case, only the circulation distribution �0(y) for a reference
case and the Jacobian ∇δ� with respect to flap deflections need to
be computed. The reference case would usually be the configura-
tion with neutral flap settings, where the required lift coefficient is
achieved by setting an incidence angle at the wing root. Lift con-
straints are not necessary in this formulation because an optimal
solution approximates the elliptic distribution with the correct to-
tal lift as closely as possible. This approach resembles the drag
minimization procedure of Kuzmina et al.8 in that it uses the circu-
lation distribution. The difference is that, here, the induced drag is
not computed from � within the optimization. Instead, the circula-
tion distribution is used to form a more readily solved least-squares
problem, which is possible in the present case.

When formulating the problem according to Eqs. (9) and (10),
a relatively coarse mesh will suffice as only the lift distribution is
needed, not the integrated drag value. Furthermore, computing the
Jacobian by finite differences is possible using only nd + 1 solutions
of the static aeroelastic problem, as opposed to the nd + 1 solutions
required to compute the gradient in each iteration of a nonlinear
optimization solver, where nd is the number of design variables.

The number of design variables can be varied while the physical
model with its 20 control surfaces per semispan is left unchanged,
simply by deflecting groups of control surfaces together. With 10
design variables, pairs of flaps (two leading-edge or two trailing-
edge surfaces) are deflected to identical positions, whereas with
four variables, outboard groups of four and inboard groups of six
surfaces are moved to the same deflection. Figure 4 shows a sketch
of the configurations investigated. Note that, in the case with n = 3,
only trailing-edge surfaces are deflected, but the pattern of flap de-
flections (4-4-2 surfaces operated in groups) is identical to the case
with six variables. The angle of attack at the wing root α is an
additional design variable because a change in α induces different
changes in spanwise lift and moment distribution than flap deflec-
tions. However, it is likely that the parasitic drag of the fuselage and
other nonlifting aircraft components would increase strongly should
the angle of attack deviate substantially from some optimal range.
Therefore, α is constrained to lie between the somewhat arbitrary
bounds −2 and 4 deg.

In some cases, optimization resulted in flap settings featuring
large differences in deflection for neighboring control surfaces. It is
likely that such a configuration would increase viscous drag substan-
tially. Therefore, additional constraints were introduced in Eqs. (9)
and (10) in order to avoid large differences in deflections. For each
pair of neighboring flaps (i, i + 1), two conditions of the form

δi − δi + 1 ≤ 4 deg (12)

δi + 1 − δi ≤ 4 deg (13)

are imposed. The limit 4 deg was chosen rather arbitrarily and was
intended to be conservative in order to evaluate the impact of this

Fig. 4 Control surface configurations.



1482 ELLER AND HEINZE

type of constraint on the optimal result. However, the optimal in-
duced drag increased only marginally when the preceding constraint
was enforced, whereas the optimal flap settings did change consid-
erably. Small variations of the optimal value in spite of considerable
differences in flap deflections indicate that a certain optimal lift dis-
tribution can be approximated closely by more than one unique flap
deflection pattern.

Wind-Tunnel Experiments
Wind-tunnel experiments were performed in the low-speed wind

tunnel L2000 at Royal Institute of Technology (KTH). The tunnel
has a 2 × 2 m cross section with corner fillets and was operated at
room temperature and atmospheric pressure. The wing was mounted
vertically on the wind-tunnel floor. For some experiments, the flexi-
ble internal wing structure was replaced by a comparably stiff solid
steel beam to investigate flap efficiencies and viscous effects.

Aerodynamic loads were measured using a six degree-of-freedom
internal balance mounted in the wing root. A splitter plate was placed
between the wing and the balance to reduce boundary-layer inter-
actions with the wind-tunnel floor. The elastic deformation of the
wing was captured using an optical measurement system18,19 based
on four charge-coupled device (CCD) cameras. Each of the cameras
emits infrared flashes and monitors the two-dimensional position of
passive reflecting markers attached to the model. By combining the
pictures, the three-dimensional position of the markers results from
the relative position of the cameras. A sketch of the experimental
setup is shown in Fig. 5.

Viscous Drag
Because total drag values from the balance measurements ap-

peared to be higher than the expected drag, an investigation of the
impact of the low Reynolds number was performed. For this, the
wing was equipped with the rigid beam structure and aerodynamic
coefficients were measured at increasing dynamic pressure. The
total drag was found to be significantly higher for low Reynolds
numbers. When increasing the Reynolds number from 1.5 × 105

to 3.5 × 105, the measured drag coefficient was reduced by almost
50%. The reason for this might be a fairly thick boundary layer
at low airspeeds and possibly regions of laminar flow separation.

Fig. 5 Optical deformation measurement using the QualiSys infrared
camera system.

Because of experimental limitations such as flutter speed and max-
imum balance loading, testing with the flexible beam was restricted
to airspeeds below 30 m/s, corresponding to a Reynolds number
of about 3 × 105. This explains the comparatively high total drag
values measured during drag-optimization investigations.

Induced Drag Extraction
To compare experimental measurements with the numerical anal-

ysis performed, the induced drag had to be extracted from the mea-
sured total drag. Because of viscous effects, however, approaches
as described in Barlow et al.20 based on the measured wing-root
loads turned out to be insufficient. Therefore, lifting-line theory21

was employed for deriving the induced drag from wing deforma-
tion measurements. Because both the two-dimensional lift-curve
slope cl,α,2d and the corresponding sectional zero-lift angle α0 are
variables in the lifting-line formulation, it can be adapted to repro-
duce the behavior of the wind-tunnel model, for which cl,α,2d = 5.33
and α0 = −3.1 deg were obtained from experiments with the rigid
beam structure. With these modifications, the lifting-line method
accounts for boundary-layer effects that lead to a reduction of three-
dimensional lift in comparison to the case of inviscid flow.

The geometric angles of attack according to

αg(y) = α − α0 + �α(y) + ∂α

∂δT
δT (y) + ∂α

∂δL
δL(y) (14)

served as input to the lifting-line computations, where α is the angle
of attack of the wing root, α0 is the measured zero-lift angle of
attack of the rigid wing, and �α(y) is the local twist deformation
measured by the optical system (Fig. 5). Deflections of leading-edge
δL and trailing-edge flaps δT were accounted for by adjusting the
local angle of attack accordingly. The flap efficiencies

∂α

∂δ
= ∂α

∂CL
· ∂CL

∂δ
(15)

were obtained from experiments with the rigid beam.
With the distribution of local angles of attack, the spanwise dis-

tribution of circulation strengths and downwash angles is then cal-
culated using Multhopp’s method22 with 511 support points. Using
the circulation strengths and downwash angles at the support points,
lift and induced drag coefficients are obtained. Experimental values
for the induced drag given in the following are all computed from
spanwise twist deformations using this approach. Strictly speaking,
the lifting-line method is only valid for plane, unswept wings as it
does not account for spanwise flow. For the small sweep angle of
the current wing, it is still considered a valid approximation.

Experimental Accuracy
The accuracy of the experimental results was estimated based on

uncertainties of measured variables. Confidence intervals were cal-
culated for the deflection data from the optical measurements, as
well as for the control surface angle. The 95% confidence interval
for the uncertainty in the local angle of attack measured by the opti-
cal measurement system was found to be below 0.01 deg or ±0.2%
of typical wing-tip twist deformation. Based on a calibration of the
actuator mechanism, the uncertainty of the control surface deflec-
tion angle δ was ±0.05 deg within the same confidence interval.
This value includes aeroelastic deformations of the control system
mechanism for airspeeds up to 35 m/s. Because the geometric angle
of attack linearly depends on both angles according to Eq. (14), the
resulting combined uncertainty is found using partial derivatives to
be ±0.032 deg. It is likely that measurement errors of this magni-
tude are small in comparison to the impact of unmodeled physical
effects on, for example, control surface efficiencies.

Results
First, some results of reference experiments are compared with

numerical simulations. Then, the drag reductions achieved in com-
putations and experiments are documented along with an investi-
gation on the relative merits of flap configurations with different
complexity.
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Table 3 Coefficients for rigid and flexible wing

Case α0, deg CL ,α (1/rad)

Rigid wing exp. −3.1 5.2
Flex. wing exp. +0.3 5.9
Rigid wing sim. −4.7 5.5
Flex. wing sim. −2.1 6.2

Coefficients and Flap Efficiency
In Table 3, the lift-curve slope and zero-lift angle are listed for

both the rigid and the wind-tunnel model with the flexible composite
beam. The effect of the flexible structure is to increase both CL ,α and
α0. The values for the flexible configuration are for an airspeed of
30 m/s and increase further for larger dynamic pressures. Note that,
for the angle of attack range of interest, the flexible wing always
produces considerably less lift than the rigid configuration caused
by the pitch-down twist of the wing tip.

The numerical model overpredicts the lift-curve slope with ap-
proximately 0.3 and computes a somewhat smaller zero-lift angle.
Both differences are expected as the boundary layer, which is cur-
rently not included in the simulation, has a decambering effect on
the wing, leading to an increase of α0. In this study, the primary
interest is in the lift distribution along the span and not the accurate
prediction of integral coefficients for low-Reynolds-number flow.
Therefore, in the following, simulation results and experimental
cases are compared on the basis of lift coefficient, not angle of at-
tack. This is based on the assumption that, for a given total lift, the
spanwise lift distribution can still be compared, which requires that
boundary-layer thickness distribution does not vary strongly along
the span. Considering the very large aspect ratio and minimal sweep
angle, the occurrence of significant spanwise flow appears unlikely,
and the assumption therefore justified.

Flap efficiencies were determined experimentally by deflecting
one control surface at a time and measuring the difference in lift.
The applied deflections were in the order of ±5 deg, which was con-
sidered to lie within the region of linearity. As expected, the results
showed that the leading-edge flaps have only very small effect on lift
for the rigid wing. On the flexible configuration, the measured effec-
tiveness of leading-edge flaps increased by 25%, as a result of the
pitch-up twist deformation generated by these flaps. Numerically
computed efficiencies for the leading-edge flaps agreed well with
those measured for the rigid case. However, the simulation model
predicted higher than measured leading-edge flap efficiencies CL ,δ

on the flexible wing. As the twist deformation caused by flap de-
flections is computed relatively well, the error is likely related to the
smaller than predicted lift response of the wing to this twist defor-
mation. Trailing-edge efficiencies, in comparison, are consistently
overpredicted by the simulation, independent of flexibility, which is
usually the case for inviscid flow models.21 For the flow conditions
at hand, it is likely that the fairly thick boundary layer reduces the
cambering effect of trailing-edge flaps considerably.

For the particular configuration considered here, the direct ef-
fect of control surface deflections on the lift distribution is small
compared to the importance of twist deformation. Because of the
very low torsional stiffness, the aerodynamic moments generated
by flap deflections lead to quite significant changes in the spanwise
twist distribution. It is above all this mechanism that is exploited
to achieve favorable lift distributions. For a more torsionally stiff
wing, the aerodynamic efficiency, in particular that of the trailing-
edge flaps, would gain much in importance.

Optimization
Numerical optimization is performed for lift coefficients in the

range 0.2 to 0.8, and the results are compared with a baseline con-
figuration for which only the angle of attack is changed to obtain the
target lift coefficient. Both the baseline and the cases with optimized
flap settings were tested in the wind tunnel. To achieve identical lift
coefficients, simulations were performed at root incidence angles,
which were between 1.6 and 2.4 deg smaller than those run in the
wind tunnel.

Fig. 6 CDi over CL for varying dynamic pressure q∞ with constant
wing loading of 150 N/m2.

Results are presented as diagram of induced drag over lift co-
efficient. For the case presented in Fig. 6, wing loading remains
constant over the CL range, meaning that the lower CL values corre-
spond to higher dynamic pressure q∞. This type of analysis is meant
to model operation at different altitudes and speeds for constant air-
craft weight.

Especially for relatively low lift coefficients, the experimentally
determined induced drag estimations fit very well with the numerical
predictions both for the baseline and the optimized flight conditions.
For all tested flight conditions, an improvement could be achieved.
For high lift coefficients, however, the simulation predicts slightly
larger savings than measured.

From the variation of the induced drag for the clean configuration
without flap deflections, it can be concluded that there are operating
conditions for which the wing in question is already close to optimal.
This is representative for an actual aircraft design problem, where
an elastic wing would likely be designed with an aerodynamic twist
distribution, which yields optimal performance for a certain design
point (dynamic pressure and CL ). Nevertheless, significant drag re-
ductions can be achieved at other operating points by employing
control surface deflections.

For the aeroelastic configuration considered here, the most sig-
nificant drag reduction can be obtained at low CL values and high
dynamic pressures, conditions at which low induced drag would be
usually expected. The numerical optimization yields a maximum
saving of about �CDi = 25 × 10−4 at CL = 0.2 and 40 m/s. The rea-
son that relatively large gains can be achieved for this condition is
the unfavorable lift distribution of the wing without flap deflections.
The distribution is characterized by a downward force in the out-
board section with large negative twist angles and a slightly larger
upward force on the inboard part of the wing. This S-shaped lift
distribution generates a considerable amount of induced drag at low
CL values. Even for moderate lift values, the lift distribution is still
unfavorable in terms of induced drag, showing an approximately
triangular shape, where the outboard 20% of the wing contributes
very little to lift. By modifying the spanwise twist distribution using
control surface deflections, a lift distribution with much less drag
can be reached.

Figure 7 shows the lift distribution in terms of local lift coefficient
over the semispan for a specific case with CL = 0.2 and u∞ = 30 m/s.
The sharp peaks seen in the computed lift distribution at certain po-
sitions result from the geometry of the wind-tunnel model. Because
the rigid aerodynamic sections are only attached in points on the in-
ternal structural beam, the wing twist angle does not vary smoothly
along the span. Discrete jumps in twist angle between the wing seg-
ments cause the irregular circulation distribution, which, because
of the small magnitude of the peaks, has negligible influence on
induced drag. The experimentally obtained distribution does not re-
solve this small-scale effect. Lift distributions for optimized flap
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Table 4 Drag reduction and span efficiency obtained
for different flap configurations

n �CDi e α, deg

Baseline 0.0 0.256 2.28
3 −17.9 × 10−4 0.909 3.80
6 −18.2 × 10−4 0.957 1.26
10 −18.4 × 10−4 0.979 1.24
20 −18.4 × 10−4 0.986 1.17

Table 5 Optimal flap settings for the case CL = 0.15 at u∞ = 46 m/s

Sections 1–2 3–4 5–6 7–8 9–10

Leading edge
n = 6 10.0 10.0 10.0 10.0 10.0
n = 10 10.0 10.0 10.0 10.0 9.1

Trailing edge
n = 3 −3.8 −3.8 −6.3 −6.3 −10.0
n = 6 −8.4 −8.4 −7.5 −7.5 −7.7
n = 10 −8.8 −8.0 −7.7 −7.4 −8.0

Fig. 7 Spanwise lift distributions.

settings are very close to the elliptic spanwise distribution of circu-
lation, showing the effectiveness of the numerical optimization.

The experimental lift distributions presented in Fig. 7 result from
lifting-line analysis using the measured twist angles and control sur-
face settings. Both angles are affected by measurement inaccuracies,
as already described, leading to a maximum error of less than ±3%
in local lift coefficients.

Flap Configurations
The results shown in Figs. 6 and 7 were obtained for a config-

uration with 20 individual control surfaces and the angle of attack
as design variables. Although such a setup enables a fairly accurate
control of the beam deformation and the distribution of camber, it
is probably too complex for an aircraft wing. For the more realistic,
simplified flap configurations shown in Fig. 4, the achievable drag
reductions are slightly smaller.

In Table 4, the possible reduction of induced drag �CDi is given
along with the corresponding value of Oswald’s span efficiency

e = C2
L

/
π�CDi (16)

where � is the aspect ratio of the wing. A span efficiency of 1.0
corresponds to the induced drag of the elliptic lift distribution.
The listed values were computed for the case with CL = 0.15 at
u∞ = 46 m/s, where the possible drag savings are relatively large.
Wing-root incidence angles α given in Table 4 refer to values com-
puted by the optimization procedure for the numerical model. Op-
timal control surface deflections for this particular case are listed
in Table 5.

Table 4 suggests that three trailing-edge control surfaces alone
are sufficient to achieve a significant reduction in induced drag.

However, this is only true in connection with the corresponding
wing-root incidence angle of 3.8 deg, which is one of the design
variables. By using leading-edge flaps, slightly better induced drag
reductions can be obtained without the need of an increased root
incidence angle. This might be relevant for configurations where a
reduced range of operating angles of attack entails advantages in
parasitic drag.

The advantage of using leading-edge flaps for torsionally flex-
ible wings lies in their ability to generate considerable pitch-up
twist moment and a small positive aerodynamic lift increment. Nat-
urally, trailing-edge surfaces are much more efficient in generating
additional lift; however, at the same time, they always produce a
pitch-down twist moment, causing a deformation of the complete
wing counteracting the lift increment. Therefore, leading-edge flaps
can be more effectively used to control wing twist deformation.

Drag-reduction efforts in aircraft design will always aim at re-
ducing total drag of the complete trimmed configuration, which can
depend in a complex manner on angle of attack and flap deflec-
tions. The potential benefits of leading-edge flaps just described
must hence also be judged by the effect they most likely have on
viscous drag components.

Computational Aspects
When formulating the drag-minimization problem as a linear

least-squares problem according to Eqs. (9) and (10), the com-
putational cost is moderate. For six design variables, a single so-
lution to the optimization problem is computed in about 15 min
on a desktop computer with 1.4-GHz Athlon processor. Using
pressure integration and nonlinear programming, mesh require-
ments and the large number of finite difference gradient calcula-
tions lead to at least 10-fold increased computational effort. With
mesh resolutions sufficient for accuracy, computation times become
unacceptable.

Conclusions
The investigation demonstrated that the induced drag of an elas-

tic wing configuration can be reduced significantly by means of
conventional leading- and trailing-edge control surfaces. The use
of leading-edge control surfaces can be beneficial if the optimal
twist distribution requires that large sectional pitch moments are
generated. Furthermore, the use of more than six control surfaces
does not appear to pay off, unless the marginal additional savings
really compensate for the increased cost and complexity. If savings
of relevant magnitude are possible in the first place depends pri-
marily on the quality of the lift distribution and the flexibility of
the wing. Relatively rigid wings will show less variability of their
spanwise loading under different flight conditions, while highly flex-
ible ones will likely operate with very unfavorable lift distributions
in parts of the flight envelope. These are the configurations where
substantial drag reductions can be achieved by means of control
surfaces.

The use of potential flow methods for a induced drag-reduction
problem at Reynolds numbers below 106 is possible, but difficult.
Boundary-layer effects have a significant impact on chordwise pres-
sure distribution and control surface efficiencies, so that potential
flow results might be hard to interpret when experimental compar-
isons are not available. The inclusion of a boundary-layer model
in the numerical method is expected to improve the prediction of
control surface efficiencies in particular.
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